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Abstract. In this paper we study an approximation of tensor product 
of irreducible integrable sb representations by infinite fusion products. 
This gives an approximation of the corresponding coset theories. As an 
application we represent characters of spaces of these theories as limits of 
certain restricted Kostka polynomials. This leads to the bosonic (which 
is known) and fermionic (which is new) formulas for the sb branching 
functions. 



Introduction 

Let g be a semisimple Lie algebra, 5 be the corresponding affine algebra, 

= g(g,c[t,t-i] eCKeCd, 

where K is a, central element and [d,Xi] = —ixi. We set g' = [g,g] = 
® C[t, CK. Let L\^, be two integrable irreducible g-modules. 
Then one has the decomposition of the tensor product 

into the direct sum of integrable irreducible representations of g' (see |Kacj ). 
Here C^^ are spaces of highest weight vectors of the weight ^ in the tensor 
product Lx-^ (g) • Therefore C^_^ are naturally graded by the operator 
d. This gives the character (branching function) 

(1) <^,,^(g)=Tr,%.^^^^. 

Note that the GKO construction (see |(lK()j ) endows spaces C^^ with the 
structure of the representation of the Virasoro algebra Vir. This also gives 
a grading which differs from by certain constant. 

There exist different formulas for c^^ A2('^)' case s = 5(2 the 

bosonic (alternating sign) formula was obtained in P E EI using the rep- 
resentation theory of Virasoro algebra (Feigin-Fuchs construction |FRij ) . 
Another approach is based on the connection of the branching functions 
with configuration sums of RSOS model (see |D,TKM( )] . |Slj . |S2j). This 
also gives different types formulas, in particular the fermionic formula for 
g = 5I2. One of the important points in this approach is a construction of 
some finitization (approximation) of branching functions. The same method 
is used in |SS) . where for the type A affine Kac-Moody algebra the finitization 
of some branching functions is constructed by means of the combinatorics of 
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crystal bases. This allows to obtain c^^ A2('^) ^ certain limits of restricted 
Kostka polynomials. In our paper we construct the representation theoret- 
ical approximation of the spaces for = s[2. We give some details 
below. 

Let Lj^fc, < i < k he irreducible integrable level k representations with 
highest weight i with respect to /i® 1 G 5I2 {h is a standard generator of the 
Cartan subalgebra of 5(2). Then one has the isomorphism of sl2 modules 

fci+fc2 

j=0 

Our main tool is a construction of the filtration 

(2) L(0) ^ L(l) ^ L(2) ^... = Li.^k, ® Li,^k2 

of the tensor product, where L{p) are certain integrable representations of 
sl2- Namely, let f„ € Li-^^ki, Wn G Li^^k2i n,m £ Z he sets of extremal 
vectors (the orbits of the highest weight vectors with respect to the action 
of the 5I2 Weyl group). Then obviously 

where U{si2) is the universal enveloping algebra. In addition it is easy to 
find n{p),m{p), p > such that for L{p) = U{sl2) • ivn{p) '^m(p)) the 
following holds: 

(3) L(0) ^ L(l) ^ L{2) ^... = Li.^k, ® Li,^k2- 

This procedure reduces the decomposition of the right hand side of (jSJ to 
the decomposition of L(p) into the direct sum of irreducible representations. 
This can be done using the results from |FF2llFF4j . 

We recall that in |FF2j the spaces C/(s[2) • (f n^Wm) were identified with in- 
finite fusion products (the inductive limits of finite-dimensional fusion prod- 
ucts, see [FLj ). The infinite fusion products were decomposed in |FF4j 
and the corresponding g-multiplicities of irreducible representations were 
expressed in terms of the restricted Kostka polynomials. Therefore from ^ 
we obtain that branching functions are equal to the appropriate limits of 
restricted Kostka polynomials. 

This Kostka polynomial approximation gives two different formulas for 
branching functions. From one hand we can use the alternating sum for- 
mula, which expresses the restricted Kostka polynomials in terms of the 
unrestricted Kostka polynomials (see |SS[ IFJKLMj ). The latter are related 
to the characters of the representations of 5I2. Namely, certain limits of 
unrestricted Kostka polynomials can be expressed as a difference of two 5(2 
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string functions. This leads to the fohowing formula 

E^-{A:i+fc2+2)p2_(j,-+l)p. , ^2{ki+k2+2)p+j-i2 j^2{ki+k2+2)p 



+j+i2+2 



), 



where L°;j^{q) = € Lj^^ : {h®l)v = av} and 7i(«i,i2;i) is some constant. 
We show that this bosonic formula can be rewritten in a form of [51 IKl IH] . 

Another possibility is to use the fermionic formula for the restricted 
Kostka polynomials (see |SS | IF.TKLMj ). In the appropriate limit this ap- 
proach gives the following type formula: 



(4) 4.^(g)=g72(ii..,.)x 



_sBs+us 



E 



Cs + V + s' 
s 



Si>0 

M+k2}\{ki} 



(min(j, k2) - 12 + '^T,(s^ki ^piP - ram{ki, f3)))gV 



where B and C are some {ki + k2 — 1) x (ki + k2 — I) matrixes and u, v are 
some vectors. The following notations are used: for two vectors n, m E Z>q 
we set 



N 

n 

1=1 



Hi 

rrii 



N 

n 



n. 



k 



L {mi)g\{ni - mi)q\' 



11(1 -9^)- 



j=i 



Our paper is organized in the following way. 

In Section 1 we recall the main definitions and properties of the represen- 
tations of 5(2 and of the fusion products. 

Section 2 is devoted to the description of the Kostka polynomial approach 
to the computation of the branching functions. This gives bosonic (Section 
3) and fermionic (Section 4) formulas for s[2 branching functions. 

Acknowledgements. This work was partially supported by the RFBR 
grant 03-01-00167 and LSS 4401.2006.2. 



1. Preliminaries 

1.1. Fusion product. In this section we fix our notations and collect the 
mam properties of fusion products (see |FL1 IFFTI lFF2l lFF3] ) . 

Let Vi, . . . ,Vn be cyclic representations of the Lie algebra g with cyclic 
vectors f 1, . . . , u„. Fix Z = (zi, . . . , Zn) € C"" with Zi 7^ zj for i 7^ j. The 
fusion product Vi{zi)* . . .*Vn{zn) is the adjoint graded g(8)C[t] module with 
respect to the filtration Fm on the tensor product Vi{zi) • • • 'S' Vn{zn)'- 

(5) = span{5[^^^ ■ ■ ■ g^^^^vi ■ ■ ■ (S) Vn) : ki + ■ ■ ■ + kp < m, g^'^ G g}. 
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Here gk = g0t^ and Vi{zi) is the evaluation representation of g(8'C[t], which 
is isomorphic to Vi as vector space and the action is defined via the map 
(g) C[t] ^ Q, g®P ^ zlg, g (^Q. 

The most important property of fusion product is its independence on Z 
in some special cases. We will deal with the case g = s[2. 

Let A = (ai, . . . , a„). Denote by 

(6) MA = -nai* ■■■* vra„ 

the fusion product of finite-dimensional irreducible representations of 5(2 
(dimvTj = j + 1). Let va be the highest weight vector of © which is the 
image of the tensor product of highest weight vectors of vTa . . We set 

{-Kai * ... * vra„)m = span{(xj^^^ . . . xf^) ■ VA,ii + ■ ■ ■ + ik = m, x^'^ € 5(2}. 

Let h be the standard generator of the Cartan subalgebra of 5(2. For s[2- 
module M we denote M" = {w; G M : hw = aw} and set 

Chg(7rai * ... * Tla^T = ^ g'"dim((7rai * ... * TT^^)" n (vTai * ... * Tra„)m)- 

We will need the following generalization of the standard embedding 
■Ka+b ^ T^a® T^b- Let A = (oi < . . . < a„), B = {bi < . . . < bm), m < n. 
Then we have an embedding 

(7) TTa,*-..* vra„_„ * T^a„.^+r+br ^a„+6„ ^ Ma Mb, 

Vai,...,a„-^,a„^^+i+bi,...,an+bm ''^ VA Vb- 

Li the rest of this subsection we discuss one class of submodules of fusion 



products (see |FF3]). Let A = (ai < . . . < a^). Then for any 1 < i < n there 
exists 5(2 ® C[i]-module Si{A) such that the following sequence is exact: 

(8) 0^5,(A) ^7r„, *...*7r„„ ^ 
For example, for i = 1 

We will also need the case i = n — 1. In this case 

(9) Sn-liA) ~ vr^i * . . . * 7ra„_2 ® 7ra„-a„_i- 

Therefore one has an exact sequence 

(10) O^TTa,*...* TTa„_2 ^^a^-a^.^ ^ T^a^ * ■ ■ ■ * T^a^ ^ 
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1.2. Representations of 5(2. In this subsection we fix our notations about 
SI2. Let 

= SI2 «) c[t, t-^] eCKe cd, 

where K is a central element and [d,Xi] = —ixi, where for x S 5l2 we 
put Xi = X ^ f. Let e,h,f be standard basis of 5(2. Consider nilpotent 
subalgebras 

n+ = (g> t~^C[t"^] e C/, n„ = sb ® tC[t] Ce. 

We denote by Lij^, < I < k integrable irreducible s[2-module with highest 
weight vector ^ such that 

hovi^k = lvi,k, Kvi^k = kvi^k, dvi^k = 0, n^vi^k = 0, U{n+) ■ vi^k = Li,k, 

where U{n+) is the universal enveloping algebra. Representations Li^k are 
bi-graded by operators d and /iq- We set 

Li,k = ^ {Li,k)s = ^ '■ dv = sv, hov = av}. 

This determines the character chg^^L/ ^, = dim(Li^fc)". For any 

graded subspace V ^ Li^k we set 

ch^y = q'^ dim{u : dv = sf }. 

We now recall the Sugawara construction for the representation of the 
Virasoro algebra in the space of the level k s[2-module. Namely, following 
operators form the Virasoro algebra: 

2{k + 2) I 

where : : is the normal ordering sign, 

XiVj ■■= < VjXi, j > i, 

The central charge is equal to c{k) = We denote by A/^^ the conformal 
weight of the highest weight vector vi^k £ -^i,A:) i-e- LqVi i^ = Ai^/^vi^k- 
We consider the decomposition of the tensor product 

fci+fc2 

j=0 

where C^^ is the space of highest weight vectors of the weight j in the 
tensor product Li-^^^ki S -^^12,^2- Then by the GKO construction (see |GKOj ) 
the space Cj_^ is a representation of the Virasoro algebra 

Ln = L« Id + Id - Lf^s)^ 
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where Ln\ Ln\ Ln^"'^'^ are the Sugawara operators acting on Lj^/j^, Li^^ki 
and -Z^ji,A:i ^3 -^^22,^2 respectively. We put 



<,^(g) = ch,C^^,^=Trg^«i 



Remark 1.1. Note that the degree operator d G g acts on C^^ and Lq = 

1.3. Kostka polynomials and limit constructions. For the fc-tuple m = 
(mi , . . . , rrifc) € Z>q we set 

t^m = ^1 * • • • * ■^fc = 71"! * . . . * VTi * . . . * VTfc * . . . * TTfc . 

mi mfc 

We also use the notation m = (1*"^ . . . A;™'=). 

Consider the decomposition of Vm into the direct sum of irreducible rep- 
resentations of 5(2 (8> 1 sl2 "Xi 



l>0 

where Ki^^ ^ Vm is a space of highest weight vectors of weight I. We 
note that each ^ inherits a grading from Vm- It is proved in jFF4j 
that chqKi^m = Ki^miq), where is unrestricted Kostka polynomial. These 
polynomials are related to ones from FJKLM by 

Ki,miq)=q''^"'^Ki^m{q-'), 

where 

(11) /i(m) = (mAm — p(m))/4, A = (Aij) = inm{i, j), 

p(m) = 7^{a : + . . . + is odd }. 

We note that /i(m) can be defined as follows: 

h{ui) = max{s : (vr*™^ * ... * / 0}. 

Thus the "reversed" character of the fusion product is given by 

ch,C = g'^(-)ch,-iC- 

We proceed with a limit construction of fusion products. It is proved in 
|FF2j that there exists an embedding of 5(2 ® C[t]-modules: 

^(mi,...,mfe) ^ ^(mi,...,mfc_i,mfc+2)- 

This allows to define an injective limit 

Lm,k = ^fi^^(mi,...,mfc_i,mfe+2Af)- 

It turns out that Lm,k has the natural structure of level A; 5(2 module. For 
example, Li^k = liniAr^oo * tt^^^. In general representations Lm,k are 
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reducible. Consider the decomposition 

k 
1=0 

where C;^m ^ k is the space of the highest weight vectors of the weight 
I. Note that are naturally garded by the operator d. We set chgC;^m = 
Trg'^lc,^. It is shown in |FF4j that 

(12) ch,Q,^ = K\%{q), 

where Kj^^{q) is the restricted Kostka polynomials. These K^^^iq) are re- 
lates to Kl^^{q) from jF.IKLMj by 

2. KOSTKA POLYNOMIALS APPROXIMATION 

In this section we obtain the Kostka polynomials approximation of the 
characters of the 5(2 coset models, using the injective limits of fusion prod- 
ucts. 

Let Vn G -^^ii.feu n G Z be the set of extremal vectors, Vn = T^'Vi^/., where 
T is the translation operator from the Weyl group of s[2 and Vi^k is a highest 
weight vector. We have hoVn = h — 2kin. We also denote the set of extremal 
vectors of Ljj^^j by Wn = T^Vi^^kz, ^o'^n = «2 - 2^2?^- 

Lemma 2.1. Let n > m. Then 

a). f/(sl2) • (Vn^ Wm) ^ t^(sl2) • {Vn+1 ® Wm) ; 
h). lim„^oo t^(sb) • {Vn ® Wm) = Li^M ^ Li2,k2- 

Proof. We note that (e2n-i)'^^~*^ (e2n)*^^^n is proportional to Vn-i and also 
eiWm = if i > 2m. Therefore (e2n-i)'^^~*H62n)*H^n ® ^m) is proportional 
to Vn-i <8) Wm- So o) is proved. 

To prove b) it suffices to note that 



U (sh) ■ span{?;„ Wm ■ n > m} = Li^^^i ® ^ia, 



k2- 



Lemma 2.2. Let n > m > 0. Then 

(13) Uisk) ■ {Vn Wm) ^ lim TTi, * vr*J^^"""^"^^ * TTk,+i^ * Kl+k2- 

Proof. We note that 

C/(sl2 ® C[t]) ■ Vn ^ TTi, * <f , U{5l2 C[t]) ■ Wm ^ ^i, * 

Therefore, because of (O, 

C/(S[2 ® C[t]) • {Vn ® U;™) ~ TT,, * ^<^(n-m)-l) ^ ^^^^.^ ^ ^.2^^^_ 



□ 
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We now obtain our lemma from 

U {5I2) ■ (Vnf^Wm) ^ lim U{5l2<E)C[t]) ■ {Vn+N 'S'Wm+N)- 
N^oo 

□ 

We denote by m(A^) a {ki + /i:2)-tuple such that 

/iA\ \r *(2Ar-l) 

(14) Fm(Ar) = VTi, * TT^^ > ^ T^k^+i2- 

From and Lemma l2.ll we obtain 

(15) LiiM ® Li2,k2 = -^^m(Ar),fci+A:2- 

Now (ini) and (HHj) gives 
Corollary 2.1. 

3. BOSONIC FORMULA 

We use the alternating sign formula for the restricted Kostka polynomials 
in terms of the unrestricted Kostka polynomials (see |SS[ IF.TKLMj ) 

(16) 4'^(g) = 

E '?^'"''^^'^^^'"''^^^2(.+2)p+,,m(9) - E ^('^^^^'-(^■+^)^i^2(.+2)p-,-2,m('Z). 
p>0 p>0 

Recall the notations from |FF4j 
Lemma 3.1. 

(17) ^im^^,^(^)((?) = ch,Ly^ - ch,q^'. 

Proof. It is shown in |FF4j that Kj^m{q) is a multiplicity of irj in V^- Con- 
sider embeddings 

/io\ *2(Af~l) ^ *(2Af-l) *2N ^ 

(18) vrij*7r^^^ ^ (g) 7rj2 TTj^ * vr^^ ^ * vrfc^+i^ vrjj * tt;,^ ^TTj^, 

where the first embedding comes from and the second from Q. We note 
that (|18j) for and + 1 can be combined into the commutative diagram 

*2(Af-l) ^ *{2N-1) *2Af ^ 

* ^fci ' * ^fci * ^fci+i2 * ^ii * ^fci ^*2 



*2N ^ *{2N+1) *2{N+1) ^ 
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In view of Lj^^ = lim7v->oo T^i * '^k^^ we obtain 



(19) i^i,m(Ar)(9) = ch,(V^(Ar) (g) TTjJ^ - chq{V^(^N) TTj, 



"^mCAT) "^9 '^m(Af) 



Lemma is proved. 



□ 



Now we need to know how "fast" the left hand side of p7j) converges to 
the right hand side. 



Proposition 3.1. chgL"^ — chq(7rj * vr^ 
Proof. We first consider the difference 



0{q 



chg (vTi * 



Recall (see (fTU)) ) that there exists an exact sequence 

*2N n 

We also note that the 5I2 (8 C[t]-homomorphism 



- vr, * vrf ^ - vr, * vrf ^^^^^ 



vr,- * vr 



*2{Af+l) 



is determined by the condition that the highest weight vector (with respect 
to ho) maps to the highest weight vector. Therefore 

(20) ch,(vr, * vrf (^+^))" - ch,(7r, * vrf ^)" = 

Using the formula h(m) = (niAm — p(m))/4 (see we obtain 

(21) /i(iiA;2(^+i)) - h{i^{k - l)k^^{k + 1)) = 

(iV + l){k{N + l)+i)-{N + l){k{N + 1) + i - 1) = iV + 1. 

To evaluate chg(7rj * TTk-i * t^I^^ * '^k+i)"' we use the following formula for 
the character of the fusion product from |FFlj 



(22) ch,(7rr' *...*vrfc 

_ £(m) 



E 



2Eti(i!-"0=« 
where 2ai = mi + . . . + ruk, and 



TUk 



k-l 

n 

1 1=1 



mk-l + jk-l+i 
jk-l 



{m)g\ 



U)qK'm-j)qV 



(m),! = n(l-9^)- 
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In view of X]f=i(i' ~ '^i) ~ ^/^ obtain 



Therefore 

(23) ch,(7ri * 7Tk-i * nf^ * T^k+iT = 0(^5|-!). 
From ((21} and ((231) we obtain 

(24) ch,(vr, * _ ~^(^^ , ^*2^)n ^ o(g^+i+^-|). 
Now using the hmit construction 

T *2N *2{N+l) 

^i,k = TTj ^ . . . --^ TTj * TTj!, ^ TTj * Vr^ ^ . . . 

we obtain our proposition. □ 
Corollary 3.1. Let I > 12- 

Proof. We recall that 
(25) 

Ki^m{N){q) = chg(7ri^ * T^lf^ * TTfe^+ij' - chg(7ri, * 7r*J^^ * 7rfc^+i2)'+^. 
Using Q and © we obtain embeddings 

*(2Ar-2) _^ *(2Af-l) *{2N) ^ 

(26) TTj^ * Vr^^ '(g) TTi2 *^kl * ^ki+i2 ^ T^h * ■^fci ® ^i2- 

From Proposition p.lf) we have 

(27) chg(7ri, * 7r*J^^^ ® ^^j' - chg(Li,,fc, ® ^^j' = 

f](ch,(7r,, * vr*f ^) vr,,)'-^+2s _ ch,(L,„fc, vr.j'-^^+^s) ^ 

0(/+i+^fe^--), 
because I > 12- Therefore from p6|l and p7jl follows that 

(28) Ch,(7r,, * TTlf""-'^ * TTk,+iJ - C\m,^k, ® TTiJ = 0(/+^-^), 

where the approximation Li^^ki ^ '^12 = ^vcnN-^ooT^n * ^k^^ ^ ■^«2 is used. 
Now our corollary follows from ()25() and 

chgiLi^^k, ® ^ia)' - chg(Li,,fc, 7ri2)'+2 = chgL|-^2^ _ chgL[+if+^ 

□ 
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Theorem 3.1. 

(29) lim k'^'^'^^I^ = 

E -(fcl+fc2+2)p2_(j + l)p/ 1 ^2(kl+k2+2)p+j-i2 _ 1 ^2(fcl+fc2+2)p+i+i2+2N 

Proof. We use the alternating sign formula 



(30) 4tw^('Z) = E 9-^'^^'^^'^^''^^'^'^^^2(..+.2+2)p+,,™w(g)- 

p>0 



9 -"■2(fci+fc2+2)p-i-2,m{Ar)Wj- 

p>0 

Using Corollary ()3.1() we rewrite this expression as 

(31) ^ ^-(fel+fc2+2)p2-(j + l)p ||^^^^2(fcl+fc2+2)p+j-i2 _ 

p>0 

ch,LJ5+'-^+')*'+^+*^+' + 0(/+ ^1 

g~(fcl+fc2+2)p^ + (j+l)p ^^^^2(fci+A:2+2)p-i-2-i2_ 

p>0 

on , ; n\ ■ , • M I (2(fcl + fc2+2)P-J-2-'2)^-fcl ^ 

ch,4(5^\+'=^+')^-^+^^ + o((?'^+ ) 

We note that for p big enough we have 

[ki + k2 + 2)p + (j + l)p < , 

^ {2iki+k2 + 2)p-j-2-i2f-kl 

[ki + k2 + 2)p - (j + l)p < . 

Aki 

Therefore we obtain 

(32) lim K^:'''^^^,\q) = 

E -(fci+fe2+2)p2-(i+l)p/' , ^2(fcl+fe2+2)p+i-i2 _ , ^2(fci+fe2+2)p+j+i2+2 

p>0 

E -(fci+fc2+2)p2+(j+l)p/ ^2(fci+A:2+2)p-j-2-i2 _ j2{k^+k2+2)p-j+i2 
p>0 

We now rewrite the second sum replacing p by —p. This gives 
(33) 

E -{fci+A:2+2)p2-(j+l)p/ 1 j^2(ki+k2+2)p+j-i2 _ , ^2{ki+k2+2)p+j+i2+2\ 

p<0 

(because ch^L^^ = ch^L"^). Our theorem is proved. □ 
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Corollary 3.2. The right hand side of coincides with 

(34) q-^n,ki-^^2.k2+^,,ki+k2(J^^^.^(^qy 

We finish this section with the identification of our bosonic formula with 
the known one (see |B] . jKl . jRl ) . 

Let f) be Cartan subalgebra of 5(2 and define elements (a, k, s) € f)* by 

{a,k,s)ho = i, {i,k,s)K = k, {a,k,s)d = s. 

We consider a translation element t from the Weyl group W of sl2 defined 
by 

t(a, k, s) = {a + 2k, k, s + k + a). 
Therefore we have an isomorphism of vector spaces 

Lik - Lit'' and for the 

corresponding characters we obtain 

(35) ch,L^_f^ = g'=+'^ch,L^,,. 
This gives 

(36) ch,L«f = q^^^^+'^^chgLlf,. 

We now rewrite the right hand side of (|29|) using (l3fil) . Namely let 

(37) 2{ki + k2 + 2)p + j-i2 = 2m + 2Xki , 

where < m < A;i/2 is integer for even ii and half-integer for odd ii. Using 
H36|) and H37() we obtain 

„-(A:i+A:2+2)p2_(j+l)p , ^ 2(fci+fc2+2)p+j-i2 _ 

q LLlgI^-_^j^^ — 

«^^^^n^^i7(P('=i+'=2+2){/c2+2)+(fc2+2)(j+l)-(fci+fc2+2)(i2+l)) , 

Combining this with the similar formula for the second term in the right 
hand side of (|29|) we obtain that up to a power of q the branching function 

4^,12(1) equals to 

0<m<A;i/2 

( E ^i^{p(*:i+te+2)(fc2+2) + (fe2+2)(i+l)-(fci+fc2+2)(i2+l))_ 

pGZ 

mj—i^{p)=±m (mod fci) 

^ ^feT(P(^l+'=2+2)+j + l){p(fe2+2) + {i2+l)) 

pez 

mj^i^{p)=±m (mod fci) 

where ma{p) = a/2 + {ki + k2 + 2)p and m runs over integers if ii is even 

^2 . , 

and over half-integers if ii is odd. Identifying q ^ch.qLf^f,_^ with the 5(2 
string functions we obtain the known bosonic formula. 
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4. Fermionic formula 
We now compute the limit limjv^oo using the fermionic for- 



mula from |FF4j : 
(38) /(-)/^4'i,= 



'A{m -2s) -u + s 
s 



2|s| = |m|-i 



•J 9 



where A = {Aij)'^j^-^ = (min(i,j)), v = {i^a)a=i = (niax(0,a - k + j)), 
|m| = Yli=l ^"^i- ^ ^ ^>o P^^ 



fc r -I k 

Vi 



Q i=l 



n ' =n 



Now let k = ki + k2, m = m{N) (see (O). Then \m{N)\ = + 12 + 2kiN 
and for s from the right hand side of H38|l we have |s| = kiN + , This 

gives 

ii+i2- j J_ 
ki 



(39) 



2ki 



E 



l<Q<A:i+fc2 
{ki+k2), 



We now rewrite the fermionic formula for -f^j i^(jv) (^) using (|39jl . 



We start with the power ( '"(j^) — s)^( '"^"'' — s). Note that 



m{N) 



^A^ = N^k, + Nn + '-l±^. 



Therefore 

. X ,'m(iV) 
(40) ' ^ ^ 



s A 



m{N) 



s = N^'ki + Nil + 



n + «2 



- + 



^ min(a,/3) 



I<a,l3<ki+k2 
a,l3^ki 

Sa(min(a, ii) + (2A^ — 1) min(a, ki) + min(a, ki + 22)) + 

feisl^ + 2 ^ min(a, ki)saSki - (k + 2Nki)skj^. 

Using we rewrite the last line as 
k+i2- j 1 



(41) ki{N + 



2ki ki 



(-ii - 2Nki + 2 ^ min(a, /ci)s„)(iV + 

a^k\ 



k+k-j 1 



- y 

aj^ki 



asr 
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Combining together (|in|) and (|^T|l we obtain 



(42) 1^-Aa(^-. 



1 



min(a, /?) + —(a/3 — minfo, fci)/? — min(/3, A;i)a) 
ki 



+ 



Sa T— minfo, ii) — min(a, ki + 12) + min(a, ki)-^—-^ — ^^-^ — - + 



a- 



3 -^2 



ki 



^ k+i2 ^ {h +12- j)^ k{ii+i2-3) 



Aki 



2ki 



We now rewrite the binomial coefficient 

{A{in{N) - 2s)) a - l^a + So 

Sq. 



(43) 

using (|39|) . Let a ki. Then 



(44) {A{ui{N) - 2s) )„ - i/„ + = 

min(a, ii) + (2A^ — 1) min(Q, ki) + min(a, fci + i2) — 

— 2 y^ min(a, /3)s/3 — 2 min(a, ki)sk^ — i^a + = 

■ f ■ \ ■ ( u ^^ ^l+^2-J + fcl • / I. , • ^ , 
mm(a, j — min(a, fei j( j + min(a, fci + 12) + 



min(a, A;i)/? 



We note that the result is independent on N . Now let a = ki. Then 

(45) {A{in{N) - 2s))k, - Vk, = 

ii + (2A^ - l)ki + ki -2 y^ mm{ki, l3)sf3 - 2kiSki — u^i = 

p^ki 

j -12- i^ki + 2 X] ^/^(^ ~ mm{ki,f3)). 

f3^ki 



Therefore 

(46) 



{A{m{N) - 2s))k, - + Sk, 

Ski 



{j -12- Vki +'^T.f3j^ki - ram{ki,P)))ql' 
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Note that 



(47) Sk,+ 



m{N) 



s A 



m{N) 



ki+k2 

Ski + Yl 

a=l 



Ski + 



ki+k'z 

E 

/3=fci+l 



fei+fe2 

E 

P=ki+k2-a+l 
2 



m(iV) 



+ 



m{N) 
2 

ki+k-z 

E 

I3=ki 



> 



m{N) 



Ski + (sfci+i + • • • + Sfci+fc2 - 1/2)^ + (sfci + . . . + Sfci+fc2 - ^^)^- 

The expression in the last hne is greater than or equal to (because if 
Ski < andsfci+i+. . .+Sfci+fc2-l/2 < iV/3then (sfci+- • .+5^1+^3 -iV)^ > 
N/3). Therefore 



(48) g(f--M(f-«) 



'A{ui - 2s)k^ - i^ki + Ski 

Ski 

1 



U - ^2 - t'fci + 2 ^p^ki spiP - mm{ki,(3)))q\ 
Using p(m(iV)) =11+12 we obtain the following theorem. 
Theorem 4.1. 

(il+i2-j)(i2-n-j) 



+ 0(g^/^). 



(49) lim q' 
AT— >oo 



- T^{ki+k2) _ 
^j,m(iV) - 



^sBs+us 



E 



Cs + V + s' 
s 



Si>0 

ie{l,-,ki+k2}\{ki} 



(min(j, ^2) - i2 + 2 E/3^iki SfiiP - mm{ki, P)))q\' 



where 



Ba,p = ioam{a, (3) + 



a/3 — min(a, ki)[3 — min(/3, k\)a 
ki ' 



Uq. = — min(a, ii) — min(Q:, ki + Z2)+ 

miii(a. A-i)(/:i + /2 - J + /■•!) + ^ U - 12) 



min(a,fci)/? „ • / m 
Ca,/3 = 2 ^- 2min(a,/3), 

. . . . . . , + «2 - i + fci 

Vq = min(Q;, zij — min(a, ki) h 

ki 



min(a, ki + 12) — max(0, a — ki — k2+ j)- 
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Corollary 4.1. The branching function c^^ jjC?) equals to the product of the 
right hand side of <^''^d 



A- I. 4-A- , -A i ,t I (n+'2-J)('2-'l-j) 
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